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The inhibition of the chaotic behavior of the Duffing-Holmes oscillator by means of a small paramet-
ric perturbation of suitable frequency, as shown by Lima and Pettini [Phys. Rev. A 41, 726 (1990)], is
here reconsidered. The discrepancies noted in that article between the analytical (Melnikov method) and
numerical (Lyapunov exponents) results are shown to be basically due to an error in the calculation of
the Melnikov distance rather than simply to the method’s perturbative nature.

PACS number(s): 05.45.+b, 05.40.+j

Motivated by investigation into the mechanisms that
can reduce or suppress chaos in nonlinear systems (such
as various types of oscillators), Lima and Pettini have re-
cently considered [1] the Duffing-Holmes oscillator with
a parametric perturbation of the cubic term:

X —x+B[1+ncos(Qet)]x3=—8% +y cos(wt) .

Here Q and 7 are the frequency and amplitude, respec-
tively, of the parametric perturbation, 7 <<1. They apply
Melnikov’s method (MM) to get predictions in analytical
form, finding that these contrast with the results of nu-
merical methods—Lyapunov characteristic exponents
(LE’s), power spectrum, and correlation function of the
solution—near conditions of resonance (Q=~Q¥' =Ko,
K=1,2,...). In their conclusions, the authors observe
that, close to the principal resonance, the numerical cal-
culations of the LE, A, confirm the analytical prediction
of the suppression of chaos, adding textually: ‘“This
phenomenon occurs for values of the perturbation ampli-
tude greater than 0.1 times theoretically estimated
value. .. .” They also note that, for the second and third
harmonics of the forcing frequency w, the suppression of
chaos in not predicted by MM, while the LE vanishes for
these values. They attempt to explain these quantitative
and qualitative discrepancies between theoretical and nu-
merical predictions by attributing them to the perturba-
tive nature of the MM.

We shall show in this Comment that the qualitative,
and to a lesser degree, the quantitative discrepancies orig-
inate in an error in the calculation of the Melnikov dis-
tance. Thus, for clarity using the notation of Ref. [1],
one has that the Melnikov distance for the Duffing-
Holmes equation with parametric perturbation of the cu-
bic term is
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are the parametric equations of the homoclinic loop cor-
responding to the hyperbolic fixed point of the Duffing-
Holmes equation with n=8=y=0. After some simple
algebraic manipulation, the last term on the right-hand
side of the Melnikov distance can be recast into the form

%Lsin(mo) [ drcosh™Srsinhrsin(Q7) .

The last integral can be calculated by the method of resi-
dues [2]. Its value is (7/24)(Q*+4Q?)csch(7Q /2), con-
trasting with the value given in Ref. [1],
(7/24)(Q*—6Q%+ 1)csch(7Q /2). Finally, after some
obvious substitutions, one has for the Melnikov distance

A(tg)= A(w)sin(wty) —B'(Q)sin(Qty)—C
with
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whereas Eq. (12) of Ref. [1] is
A(ty)=2 A(w)sin(wty)+B(Q)sin(Qty)+C |
with
B(Q)="L(Q*—602+1)csch |72 | .
6B 2

Figures 2 and 3 of Ref. [1] show the reciprocal of the
time 7,, elapsed between two homoclinic intersections as
a function of Q for different values of the parameters f3, 8,
v, @, and 7). These graphs are affected by the error in
B(Q), since T, is calculated from the Melnikov distance.

When the corrections introduced are taken into ac-
count, Lemma 1 of Ref. [1] changes so that now the
necessary and sufficient condition for A(t¢,) to have al-
ways the same sign, i.e., A(zy) <0, when () is in resonance
with the driving frequency o, is written

, 6B A(w)—C]
> L, o=
M2 Mmin™ | 704 4 402 )esch(7Q/2) |
instead of
B 6B[24(w)—C]
> . =
M2 Mmin ™ | (04— 602+ 1)csch(nQ/2) |

proposed in Ref. [1]. Figure 1 shows a plot of the two
functions D(Q)=7,,/16B[24(w0)—C]| and D'(Q)
=nlin/|6B[ A(0)—C]|. Notice the radically different
behavior of the two functions at =0, where D(Q)=0,
while limg (D'(Q)=ow, and at Q;=0.4142,
0,=2.4142, where D’'(Q) remains finite and
limg_,o D(Q)=c. In particular, for Q> 1/v10,
D'(Q)<D(Q). This implies that, for a given set of pa-
rameter values, 7,0 <min> 1-€> min OVerestimates the
threshold for the suppression of chaos, as was mentioned
in Ref. [1]. Another point is that the values of w used
throughout Ref. [1] to compare the analytical results
with the numerical are w;=1.1 and wy;;=1.22. For these
values, Fig. 1 shows that, near the principal resonance
Q=0{",Q{}, the functions D() and D'(Q) are very
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FIG. 1. Functions D(Q) and D’'(Q). The solid line

represents D(Q) and the dashed line D'(Q).

close together. This is why, despite the error introduced
with B(Q), Lima and Pettini were able to point to quali-
tative agreement between MM and LE for the suppres-
sion of chaos when the forcing frequency coincides with
the frequency of the parametric excitation. It is also
clear at first sight that, near the resonances correspond-
ing to the second and third harmonics of the forcing fre-
quency, @=~02,0%, 0=~0{,Qf, the value of D(Q)
increases markedly as one is very close to {,=2.4142 for
which D(Q)— w0, while D’(Q) remains close to its
minimum. Simple calculation, in particular for the pa-
rameter set employed in Ref. [1], shows that the degree of
agreement between the MM and LE predictions is the
same near the principal resonance as near the resonances
with the second and third harmonics of the forcing fre-
quency. For example, for the standard parameter set
used in Ref. [1] (3=4, §=0.154, y =0.088, 0 =w;=1.1),
the MM yields 7%.,,=(0.0750, 0.0642, 0.0955) for
Q=(wy,2wy,30;), while the LE vanishes for 7,,,,=0.03
[1]. These discrepancies subsist because of the perturba-
tive (to first order) nature of the MM. Nonetheless, this
method shows itself to be a powerful tool for predicting
the suppression of homoclinic chaos.

Finally, we should note that in a recent work by Fron-
zoni, Giocondo, and Pettini [3], the erroneous value of
the Melnikov distance is again used as in Ref. [1], and the
same conclusions are drawn that have been shown to be
mistaken in this Comment.
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